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Using a lattice gas equation of state combined with the D-dimensional Tolman-Oppenheimer-
Volkoff equation and the Friedman equations, we investigate the possibility of formation of a black
hole as well as the time evolution of the scale factor and the density profile. The numerical results
show that in a 2 + 1 dimensional spacetime, the mass is independent of the central pressure and
the formation of only compact object with finite constant mass such as white dwarf are possible.
However, in a 3 + 1 dimensional spacetime, self-gravity leads to the formation of compact with a
large gap of mass that include white dwarf and Neutron Star. The results point also that beyond
certain critical central pressure, the stars are unstable against gravitational collapse, and it ends
in Black hole. Analysis of spacetime of higher dimension shows that the gravity has the stronger
effect in 3+ 1 dimension. Numerical solutions of the Friedman equations show that effect curvature
of spacetime increases with increasing temperature, but deceases with increasing dimensionality
beyond D = 3.
I. Introduction
The theory critical phenomena provides a powerful
tools for understanding many phenomena in astrophysics
and cosmology [1, 2]. One example that have attracted
great interest in the formation of compact steller objects
from critical collapse. Since the siminal work of Chop-
tiuk [3] which has connected the gravitational collapse to
the theory of phase transition, critical phenomena such
as universality and scaling have been proved for many
cosmological process and in particular the black hole so-
lution of the quantum filed theory coupled to the Ein-
stein equations of gravity. But, despite being widely
studied, many questions remain to be elucidate and in
particular how the short distance regularization of the
gravitational potential effects the threshold of Black hole
formation. The interest in the theory of black hole has
been increased recently due the LIOG/VIRGO experi-
ments revealing that the primordial black holes (PBH)
of the early universe could provide the dark matter [4–
12].
In the theory of general relativity [13, 14], the evolution
of the Universe and the formation of large scale struc-
ture are based on the Friedmann equations [15] and the
Tolman-Oppenheimer-Volkoff equation [16, 17]. However
for these equations to be solved, they need to be sup-
plemented by a thermodynamic equation of state. It is
well known that many of physics of black hole and other
astrophysical objects in the early and late universe can
be understood by simply relying on the law of classical
thermodynamics [18, 19]. In fact, it has been shown that
the formation of many astrophysical objects is relay on a
polyropic equation of state in which the pressure depends
upon the density in the form p = Kργc2 where K and γ
are constants. The early universe is assumed to be de-
scribed by a linear equation of state p = wρc2 where the
parameter ω = 1/3 for radiation, ω = 0 for no-relativistic
matter and ω = −1 for dark energy. The formation of
compact objects is a consequence of the gravitational col-
lapse which are fully driven by the gravitational attrac-
tion. But if the gravity is not too high, the collapse is
stopped midway by the quantum mechanical forces due
the Pauli exclusion principle and which play a dominant
role at short distance.
Due its singularity at short distance and long range,
the gravitational interaction exhibits a complex phenom-
ena such as the posibility of existence of two differents
phase transitions (with two different critical points) in
the canonical (closed system) and microcanonical ensem-
ble (isolated system). In addition, a system in the mi-
crocanonical ensemble may exhibit an negative specific
heat [20, 21] leading to a formation of exotic astrophys-
ical objects such as black dwarf. In this letter we evade
the singularity of the gravitational interaction by intro-
ducing a short distance regularization that mimics the
Pauli exclusion principle. The short distance regulariza-
tion is introduced by considering a lattice gas description
[22–27] of the system instead of classical gas of point par-
ticles. The latter is known to suffer a total gravitational
collapse. Our aim is two folds: first, we want to see how
does such a regularization effects the formation thresold
and the mass range of the black hole in a D dimensional
space. Second, because in the low density limit, the lat-
tice equation of state reduces to the one used for describ-
ing the early universe and the black hole mass as expected
is in the lower range, the lattice equation of state can be
used in fully quantum mechanical description of primor-
dial black hole including its connection to dark matter
[1, 28–34]. This is currently a work under progress for
future publication. The rest of the paper is organized as
fellow: In Sec. (II) and (III) we present the model and
the lattice equation of state. In Sec. (IV) we solve the
TOV equation in 2+1 and 3+1 dimensions, then we gen-
eralize the results to higher dimensions. In Sec. (V) we
2present a solutions for the Friedmann equations in 2 + 1
and 3 + 1 dimensions with different curvatures. Finally
we conclude with a summary and an outlook for future
work.
II. Model
Our system consists of N particles confined into a
spherical volume of radius R. The total volume is subdi-
vided into n cells each with elementary volume Vc. Each
cell can be either occupied by a particle of mass m or
empty. The particles are subject to short range hard
core exclusion interaction and a long range gravitation
interaction. In D dimensional space, the gravitational
potential at distance r from the origin is given by
g(r) = −
dU(r)
dr
= −
GDM(r)
rD−1
(1)
and it is generated by the mass M(r) enclosed in the
sphere of radius r
M(r) = ρ0
∫ r
0
dr′SDr
′D−1ρ(r′) (2)
where ρ0 = m/Vc and
SD =
2πD/2
Γ(D/2)
(3)
is the surface of unit sphere in D-dimension and Γ is the
Euler gamma function. The total mass of the system is
MT =
∫ R
0
dr′SDr
′D−1ρ(r′) (4)
For numerical purpose, it is more convenient to write
Eq. (2) in the form
dM(r)
dr
= ρ0SDr
D−1ρ(r) (5)
and use the following scaled quantities
M¯ =
M
M⊙
, r¯ =
r
R0
, ǫ¯ =
ǫ
ǫ0
=
ρc2
ǫ0
(6)
where M⊙ = 1, 989 10
30 kg is the mass of the sun, R0 =
GM⊙/c
2 = 1.47km is one half the Schwartzschild radius
of our sun, ǫ = ρc2 is the energy density and ǫ0 has a
dimension of energy density and it has been introduced
also for numerical purpose. With this scaling, Eq. (5)
becomes
dM¯(r¯)
dr¯
= αD r¯
D−1ǫ¯ (7)
where α is a constant and it is given by
αD =
ǫ0SDR
D
0 ρ0
M⊙c2
(8)
III. Equation of state
Thermal equilibrium of any physical system at finite
uniform temperature is described by an equation of state
(EOS) that relates the pressure to the density. Many
astrophysical systems (referred to as polytropic fluids)
are described by a polytropic equations of states of the
form
p = Kργ (9)
where p is pressure, ρ is density and K is a constant
of proportionality. Upon varying the polytropic index
γ, Eq. (9) describes many astrophysical object such as
white dwarf (γ = 5/3 for nonrelativitic case and γ =
4/3 for the relativistic one) and neutron star (γ = 5/3
for nonrelativitic EOS and γ = 1 for a relativistic EOS)
[35, 36]. The early stage of the universe is described by
a linear equation of state
p = wρc2 (10)
The constant w lies in the range −1 ≤ w ≤ 1 and c
is the speed of light. The constant w takes the values
w = −1, 0 and 1/3 for universe dominated by dark en-
ergy, non-relativistic matter and radiation respectively
but the value on w which corresponds to the threshold
of black hole formation is still debatable. Depends on
the values of w, the universe evolves from an inflation
era dominated by dark energy to matter dominated era
passing by radiation dominated era (principally photons
and neutrinos).
In our analysis, we will used instead a lattice description
in which minimum distance between the particles is con-
strained to a short distance scale ∼ V
1/D
c [22]. Vc can be
considered as the effective volume of the particle. The
system is described in any dimension by the universal
equation of state
p = −
kBT
m
ρ0 ln
(
1−
ρ
ρ0
)
(11)
where kB is the Boltzmann constant and T is the tem-
perature. In previous studies [22], we have shown that
the low density limit of Eq. (11) produces results that fit
very well with the e Lane-Emden equation that describes
polytropic fluids in Newtonian hydrostatic equilibrium.
It is also convenient here to write Eq. (11) in a scaled
form
p¯ = −T¯ ln(1 − ǫ¯) (12)
where
p¯ =
p
ǫ0
, ǫ¯ =
ρc2
ǫ0
, T¯ =
kBT
mc2
(13)
and we set
ǫ0 = ρ0c
2 (14)
3In the limit of low density, Eq. (12) reduces to the equa-
tion of state of classical gas of point particles which has
the same form of Eq. (10), with temperature to be iden-
tified with the constant ω. The latter equation has been
used to describe the early universe and it is also known
to provide a very good approximation in a relativistic
description of Neutron star.
IV. TOV Equations
In General relativistic description, the hydrostatic
equilibrium of a relativistic fluid is described by the
Tolman-Oppenheimer-Volkoff (TOV) equation [16, 17].
In a D + 1 dimensional spacetime, the TOV equation is
given by [37]
p′ = −
GD
rD−1
Mρ
(
1 +
p
c2ρ
)
(15)
×
(
D − 2 +
8πrDp
c2(D − 1)M
)(
1−
2GDM
c2rD−2
)−1
At low density and for c → ∞, Eq. (15) reduces to the
Newtonian hydrostatic equilibrium condition
p′ = −GD
Mρ
rD−1
(16)
Using the scaling Eq. (6), the D-dimensional TOV equa-
tion can be written as
p¯′ =
1
RD−30
M¯
r¯D−1
(ǫ¯ + p¯)
(
D − 2 + α¯D
r¯D−1p¯
M¯
)
×
(
1−
2
RD−30
M¯
r¯D−1
)−1
(17)
where
α¯D =
8παD
ρ0SD(D − 1)
(18)
To get density (or energy density) and pressure profiles,
Eq. (17) needs to be supplemented by the equation of
state (12) and solved numerically out from the origin at
r = 0 to the point R where the pressure falls to zero. The
boundary conditions required to solve the two coupled
non-linear differential equations Eqs. (17) and (12) are
p(R) = 0, p(0) = p0 (19)
for the pressure,
ρ(R) = 0, ρ(0) = ρ0 (20)
for the density or for the energy density
ǫ(R) = 0, ǫ(0) = ǫ0 (21)
and finally for the mass we have
M(R) =M = Nmc, M(0) = 0 (22)
The numerical solutions of the TOV equations depend
on the central density (that fix the parameter α¯D) or the
central pressure p0. Their value is fixed either by supple-
menting the TOV equations and EOS with the equation
of conservation Eq. (4) (or the corresponding equation
for pressure), or by fitting to existing experimental or
simulation results.
A. 2+1 Dimension
A possible realization of a two dimensional system is
the case where lateral extension of the system is very
large compared to its transversal extension. Despite that
the 2+1 dimensional models of gravity are believed to be
physically unrealistic for long time (and this true for an
asymptotically flat spacetime), it has been shown in [38]
that the 2 + 1 dimensional Einstein equations of gravity
admit a black hole solution in anti-de Sitter space [39–
41]. In a three-dimensional spacetime (D = 2), the TOV
equation is reduced to
p¯′ = −4α2c
2R0r¯p¯(ǫ¯+ p¯)(1 − 2R0M¯)
−1 (23)
where the pressure derivative can be inferred from
Eq. (12) and it is given by
p¯′ =
T¯ ǫ¯′
1− ǫ¯
(24)
The EOS (12) and Eq. (23) constitute a complete set
of coupled non-linear differential equation that can be
solved numerically using an appropriate boundary con-
ditions. Numerical solutions are shown in Fig. (1), which
represents variation of the pressure p¯ and mass of the
cluster for different temperatures. We see that for all
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FIG. 1. Pressure p¯ and mass M¯ = M/M⊙ versus scaled
distance r¯ = r/R0 at different temperatures for lattice system
in 2 + 1 dimension. The two panels at the bottom represent
pressure and mass of the cluster at very high temperature.
temperature the mass spread out in space and its reaches
4a constant value beyond certain distance from the origin.
The pressure drop from its value at the origin to zero at
the surface of the massive cluster. Hence, the D = 2 lat-
tice model allows the formation of compact object with
radius equals to the distance beyond which the pressure
is null. Different temperatures correspond to compact
object with different radii however, all with the same to-
tal mass. In our lattice model, the mass is approximatly
equals to M¯ = 0.34. Such an objects have been observed
in a previous calculations based on continuum model of
the EOS and it corresponds to a white dwarf [36]. As
can be seen in two panels at the bottom of Fig. (1), at
very high temperature, the mass is dispersed to infinity,
the pressure rapidly reaching very small values but never
reaches zero. Varying the central pressure produces sim-
ilar curves. The mass of a two dimensional system is
independent of the central pressure, but the radius in-
creases with increasing the central pressure. So, when
increasing the central pressure, the white dwarf becomes
more compact (more dense).
B. 3+1 Dimension
In the 3+1 dimensional spacetime of general relativity,
the TOV equation becomes
p¯′ = −
M¯
r¯2
(ǫ¯+ p¯)
(
1 + α3c
2 r¯
3p¯
M¯
)(
1− 2
M¯
r¯
)−1
(25)
which can be combined with the EOS to get profiles of
density, energy density and pressure. Numerical solu-
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FIG. 2. Pressure p¯ and mass M¯ = M/M⊙ versus scaled dis-
tance r¯ = r/R0 at different temperatures for self-gravitating
lattice system in 3+1 dimension.
tions are depicted in Fig. (2). We see that the 3 + 1 lat-
tice model allows also the formation of compact object
but with smaller mass and radius compared to 2 + 1 di-
mensional model. Here both mass and radius depend on
the temperature and also on the central pressure. With
increasing the central pressure, the cluster can support
more mass. More mass means more gravitational attrac-
tion and hence the radius of the cluster decreases. The
numerical values for the radius and total mass point to
the fact that the compact object are Neutron star. Para-
metric curves of the total mass versus radius of a slef-
gravitating lattice clusters are shown in Fig. (3), with
the energy density as a parameter (or similarly the cen-
tral pressure). Beyond a certain central pressure, the
TABLE I. limits of stability of self-gravitating clusters at dif-
ferent temperatures.
T¯ MT (10
−3M⊙) R(R0)
0.1 1.34112 9.53034
0.33 2.83079 12.3493
1 3.62104 13.771
5 2.19519 12.2084
7 1.69156 11.2843
gravitationl attraction becomes so high that it cannot be
supported by the cluster and hence the system suffers a
gravitation collapse leading to the formation of a Black
hole. Limits of stabilities of the self-gravitating clusters
at different temperature are shown in Tab. (I). The mass
of the black hole is smaller compared to the one we get if
we consider a continuum model of the equation of state.
This is of great interest for studying formation of PBH
as a PBH with smaller mass are good candidate for pro-
viding dark matter [4, 10].
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FIG. 3. Variation of the total mass of a compact object versus
its radius for different temperatures in D = 3 with energy
density as a parameter.
C. Higher Dimensions
The numerical solutions of Eq. (17) in higher dimen-
sion (D = 4, 5 and 6) are shown in Fig. (4). We see
that both mass and radius of the compact cluster de-
crease with increasing dimensionality. But as in three di-
mension, the gravitation attraction in higher dimension
leads to the formation of black hole but with smaller
mass and radius. In both panels, we have considered
T¯ = 0.33 (dashed lines) and T¯ = 1 (solid lines). We
see by comparing Fig. (2) and (4), that as has been pre-
dicted by the polytropic equation of state [37], the effect
of gravity is stronger in D = 3 than any other dimension.
The mass-radius curves in higher dimensions have quali-
tatively the same structure as the one in 3+1 dimension
5r¯
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FIG. 4. pressure p¯ and mass M¯ = M/M⊙ versus scaled dis-
tance r¯ = r/R0 at different temperatures for self-gravitating
lattice system in D = 4, 5 and 6 dimensions. Solid curves
represent the solutions at T¯ = 1.0. Dashed curves represent
solutions at T¯ = 0.33. Similar colors refers to the same di-
mensionality.
except that the compact objects including the black hole
have a smaller size.
V. Friedmann Equations
To get the time evolution of the density ρ, pressure p
and the scale factor a (that characterizes the expansion
of the universe), Eq. (11) needs to be supplemented by
the Friedmann equations [15]. The latter represents a
general relativistic describtion of the expansion of space
in homogeneous and isotropic models. For a homoge-
neous and isotropic universe in D + 1 dimensions, they
are given by [42]
ρ˙+D
a˙
a
(
ρ+
p
c2
)
= 0 (26)
H˙ = −
8πGD
D − 1
(
ρ+
p
c2
)
+
kc2
a2
(27)
H2 =
16πGD
D(D − 1)
ρ−
kc2
a2
+
2Λc2
D(D − 1)
(28)
in which the dot denotes time derivative and
H =
a˙
a
(29)
is the Hubble constant. The parameter Λ is the Einstein
cosmological constant. In the early universe where radi-
ation and matter dominate dark energy we take Λ = 0.
The curvature of the universe is characterized by the con-
stant k which takes only three values depending on the
curvature. When k = +1 the universe has a positive cur-
vature and finite size, while for k = 0 it is Euclidean flat
and infinite. For k = −1 the spacetime is infinite but has
an hyperbolic geometry.
Let us scale all quantities in term of the Planck units,
ρ¯ =
ρ
ρP
, a¯ =
a
lP
, t¯ =
t
tP
, p¯ =
p
ρP c2
(30)
where ρP = 5.16 10
99g/m3, lP = 1.62 10
−35 and tP =
5.39 10−44 are the Planck density, the Planck length and
the Planck time respectively. With this new scaling the
Friedmann equations (26) become
˙¯ρ+D
˙¯a
a¯
(ρ¯+ p¯) = 0 (31)
H˙ = −βD (ρ¯+ p¯) +
k¯
a¯2
(32)
H2 =
1
D
βDρ¯−
k¯
a¯2
(33)
where
βD =
4SDR0c
2ρP
(D − 1)M⊙
, k¯ =
kc2
l2P
(34)
and we have considered the case Λ = 0. The Hubble
constant becomes
H =
1
tP
1
a¯
da¯
dt¯
=
1
tP
˙¯a
a¯
(35)
Numerical solutions require for Eq. (31) to be supple-
mented by closer relation which is the EOS.
A. 2+1 Dimension
In 2 + 1 dimension, the Friedmann equations becomes
˙¯ρ+ 2
˙¯a
a¯
(ρ¯+ p¯) = 0 (36)
H˙ = −β2 (ρ¯+ p¯) +
k¯
a¯2
(37)
H2 = β2ρ¯−
k¯
a¯2
(38)
The numerical solutions of Eqs. (36) for the case of flat
space k = k¯ = 0 (Einstein-de Sitter Universe) are shown
in Fig. (5) and (8). As shown in Fig. (5), the pressure
drops rapidly reaching very small value at the very early
stage of the Universe. The scale factor increases at a de-
creasing rate. In this case, the density is equal to a crit-
ical value at which the universe will expand forever at a
decreasing rate. variations of the density profiles and
scale factor as a function of cosmological time at high and
low temperature are shown in Fig. (7) for different cur-
vatures of the spacetime. Time evolution of density pro-
files have almost a universal form with respect to space
curvature and temperature. However, the scale factor
depends strongly on the combined effects of temperature
and curvature. At low temperature (including the case of
T¯ = 0.33 correspond the lattice version of the radiation
dominated era), the curvature has almost no effect on
the change of the scale factor meaning that the universe
expand in the same way. But at high temperature (right
panel in Fig. (7)), the universe expands faster when the
curvature increases. For both a flat space and curved
space with negative curvature the universe expands to
infinity at a decreasing rate. For positive curvature, the
universe has a finite size as has been shown also in the a
continuous model for the EOS.
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FIG. 5. Scaled density ρ¯ versus scaled time for different tem-
peratures of a lattice system in 2 + 1 dimension with k = 0.
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FIG. 6. Scale factor a¯ versus time at high (left) and low (right)
temperature of a lattice system in 2+1 dimension with k = 0.
B. 3+1 Dimension
In spacetime of dimension 3 + 1, the Friedmann equa-
tions are reduced to
˙¯ρ+ 3
˙¯a
a¯
(ρ¯+ p¯) = 0 (39)
H˙ = −β3 (ρ¯+ p¯) +
k¯
a¯2
(40)
H2 =
1
3
β3ρ¯−
k¯
a¯2
(41)
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FIG. 7. Density and Scale factor versus time at high and low
temperature for 2+1 lattice system with different curvatures.
and their numerical solutions are shown in Fig. (10) and
Fig. (11). Profiles for mass density and scale factor are
similar to the D = 2, but quantitatively is different. The
scale factor varies with time as a¯ ∼ t¯1/2 for T¯ = 0.33 and
as a¯ ∼ t¯2/3 for T¯ = 1. This confirms the results predicted
by the polytropic equation of state.
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FIG. 8. Scaled density ρ¯ versus scaled time for different tem-
peratures of self-gravitating gas in 3+1 dimension.
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FIG. 9. Scale factor a¯ versus time at high (up) and low (down)
temperature of self-gravitating gas in 3+1 dimension.
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FIG. 10. Density and Scale factor versus time at high and
low temperature for different curvatures of the spacetime.
7C. Higher Dimensions
Numerical solutions of the Freidmann equations in di-
mensions D = 4, 5 and 6 are shown in Fig. (11). As
shown in the left panel, dimensionality has week effect
of the scale factor both at T¯ = 0.33 corresponds to the
”radiation dominated era” and T¯ = 1.0.
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FIG. 11. density profile ρ¯ and scale factor a¯ versus scaled time
t¯ at different temperatures for self-gravitating lattice system
in D4, 5 and 6 dimension. Solid curves represent the solutions
at T¯ = 1.0. Dashed curves represent solutions at T¯ = 0.33.
Similar colors refers to the dimensionality.
VI. Conclusion
In this work, we have investigated the possibility of
formation of black hole using a lattice gas equation of
state. At low density, the later reduces to EOS of clas-
sical point particles. In the low density limit, the lat-
tice EOS is reduced to those used to describe relativistic
neutron star as well as the three eras of the early uni-
verse (The inflation era, the radiation dominated era and
the matter dominated era). Numerical solutions of the
TOV equation and the Freidmann equations suggest that
the mass and radius of depends strongly on the central
pressure. More central pressure means more force that
can support the gravitational attraction. However, in
D = 2, the mass is independent of the central pressure,
and hence only compact clusters with finite and constant
mass does exist and there is no possibility for black hole
to be formed. In D ≥ 3, there is possibility of formation
of black hole. Our calculations show that the gravity has
the stronger effect in 3 + 1 dimension than any other di-
mensions. In addition, the lattice model predicts mass
that is smaller than the case of the one predicted by the
equation of state of classical point particles. The smaller
mass weakens the gravitational attraction and hence the
radius is greater compared to the continuous description.
Calculations based on string theory and quantum gravity
point to the existence of black hole in 2 + 1 dimension.
Thus, it is of great interest to see how does the lattice
gas equation of state works with models of string theory
and quantum gravity.
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